Chapter 5
Arithmetic Coding

Advantages of arithmetic coding:

1. Deal with source data with few symbols

()
X={a(0.1), b(0.9)} a=0, b=1 (Huffman)

2. Deal with source data with symbols having highly skewed probabilities

If X=1{a(0.05), b(0.05), c(0.9)}, then H=4.32*0.05*2+0.15%0.9=0.57 bits

Huffman Coding symbol | Code
a 00 The difference between the average
b 01 code length and the entropy is 0.53
C 1 bits, about 93% of the entropy.

H=2%0.05*2+1*0.9=1.1 bit

3. Generate a unique identifier or tag for the sequence to be encoded

4. Doesn’t need to generate the codewords for each input symbol
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Encoding Procedure
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Arithmetic Coding(Cont.)
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Encoding Procedure
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Example for Arithmetic Coding
Example 5.2: (page 110, textbook)

# Encode the “arithmetic”

A=1{s,, $p,..., Sgy=1a,c,e,h,i,m,r,t}
Pre-scan and determine the probability and cumulative density of each symbol
P(a)=0.1; P(c)=0.1; P(e) =0.1; P(h) =0.1; P(i)=0.2; P(m)=0.1; P(r) =0.1; P(t)=0.2,
C()=0.1;2)=0.2, ((3)=0.3; ((4) =0.4; ((5) =0.6; C(6) =0.7, ((7) = 0.8, ((8) =1

i=0, mitial interval [/, u)=[0, 1), encode the first input symbol a

0 0.1 0.2 0.3 0.4 0.6 0.7 0.8 1.0

ac‘e‘h\ i\m‘r‘t‘

[y>uay) =0y + Wy —Li0y)) x Clk = 1), L) + (9) — L)) X C(K))
=[0+(1-0)xC(1-1),0+(1-0)xC(1))=[0+(1-0)x0,0+(1-0)x0.1)=[0, 0.1)

i=1, the interval [/, u;))=[0, 0.1) , encode the second input symbol r

0 0.01 0.02 0.03 0.04 0.06 0.07 0.08 0.1
. a \ c ‘ e ‘ h \ i ‘ m | r t ‘
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Input:

a

0
ZI
0.1

(.2

0.3

0.4

Example for Arithmetic Coding

0.06 m—
0.07

ZI
0.08

0. 10 e

0.070 m—

0.07] e

0.072 m—

0.073

0.074

0.076

0.077 mm—

0.078 =

0.080 e

t

0.0740 ==

0.0742 e

0.0744 m—

0.0746

0.0748

0.0752 mm—
m

0.0754 m—
r

0.0756

0.0760

0.07560

0.07564

0.07568
0.07572

0.07576

0.07584

0.07588

0.07592

—J 0.07600

h

a

c

e

n

m

r
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Input: m

0.0757 20 sy

a
0.075724 2

c
0.07572 8 e

e
0.075732 o

h
0.075736—]

0.075744
“]

0.075748
r

0.0757 52

t

0.0757 60 s

Example for Arithmetic Coding(Cont.)

e

0.0757440 mm—

a
0.0757444 e

C
0.0757448
-]
0.0757452
h
0.0757456 e

0.07574604
m
0.0757468

r
0.0757472 =

t

0.0757480 s

4

0.075744 8 () s
a

0.075744 84 e
C

0.075744 88 s

e
0.07574492 e

h
0.07574496

0.07574504 s
m
0.07574508 mmmn

r

0.07574512

0.07574520

l
0.075745120 ——

a
0.075745128 ed

C
0.075745136 e

e
0.075745144 e

h

0.075745152

0.075745168

m
0.075745176 e

r
0.075745184

t

_> 0.075745200 e

0.0757451520

0.0757451536

0.0757451552

0.0757451568

0.0757451584

0.0757451616

0.0757451632

0.0757451648

0.0757451680
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Advantages of Arithmetic Coding
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Decoding Procedure
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Example for Arithmetic Decoding
Example 5.3: (page 114, textbook)
P(a)=0.1; P(c)=0.1; P(e) =0.1; P(h) =0.1; P(i) =0.2; P(m) =0.1; P(r) =0.1; P(¢) =0.2
# Decode the “0.075745154”

C(1)=0.1;C(2) =0.2; C(3) = 0.3; C(4) = 0.4; C(5) = 0.6; C(6) = 0.7, C(7) = 0.8; C(8) = 1

=0, initial interval [/, u,) =[0,1), find the location for 0.075745154
0 0.1 0.2 0.3 0.4 0.6 0.7 0.8 1.0
a c ‘ e ‘ h \ i \ m ‘ r ‘ t ‘
0<0.075745154 < 0.1, decode a, the new interval becomes [/,u,) =[0,0.1)

0 001 002 003 004 006 007 008 0.1
e e | e | i m _r

0.07 <0.075745154 < 0.08, decode r, the new interval becomes [/,),u% ) =[0.07,0.08)
0.07 0.071 0.072 0.073 0.074 0.076 0.077 0.078 0.08
a | ¢ ‘ e h i m ‘ r ‘ t
0.074<0.075745154 < 0.076, decode i, the new interval becomes [/3),u,) =[0.074,0.076)
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Rescaling

2 e
~

N

WS BB TR AR o TE IR RET A € /] T
GE R “‘“iﬁup mn‘%r&?: ' :‘;rt 7T

B L LERE " 10 WERT RS
- ﬁirescallng SO

— BB - LHRBRBERE A0 R 0.0 @ &
NE R 07 ki Arfrigay o ¥

WS T L2 Kk o
- FRGAETRE 4000.5 B 1L W G 1 ki

RS S 0 T RS A R R /}5“40 HE F U2 KAk o
— YA B A0, 5PF 0 A (FIE pan X # 0E o

<‘ﬁ.



Tag Generation With Rescaling

Example 5.4: (page 118, textbook)
P(x,)=0.6,P(x,) =0.2,P(x,) =02 = C(0)=0,C(x,)=0.6,C(x,) =0.8,C(x,) =1, input: x, x, x, x,

(1) Input x,, £,,,=0.6; u,,=0.8;  (2) Input x,, ,,=0.6+0.2%0=0.6; 11,,=0.6+0.2*0.6=0.72;
(3) Input xy, £,3,=0.6+0.12%0.6=0.672; 113=0.6+0.12%0.8=0.696;
(4) Input x,, [,,=0.672+0.024*0.6=0.686; 11,,=0.672+0.024*0.8=0.691;

TAG = 0.6875 (0.686 < TAG < 0.691), output (.1011), = 0.5+0.125+0.0625

Rescaling function R, :[0,0.5) — [0, 1]; output 0, R (x) = 2x;
R, :10.5,1) > [0, 1]; output 1, R,(x) = 2(x — 0.5);
(1) Input x,, [;,=0.6; u,,=0.8; contained in [0.5, 1) (upper half of unit interval)
Out=1I and rescaling;  [,,=2%(0.6-0.5)=0.2; u,,=2*(0.8-0.5)=0.6 -
(2) Input x,, [,,=0.2+(0.6-0.2)*0=0.2; 15, =0.2+(0.6-0.2)*0.6=0.44; [0, 0.5) (lower half of 1)
Out=0 and rescaling; [,=2%0.2=0.4; u,,=2%0.44=0.88 -
(3) Int=x,, /3,=0.4+(0.88-0.4)*0.6=0.688; 13,=0.4+0.48*0.8=0.784;
Out=I and rescaling; /;=2%(0.688-0.5)=0.376; u=2%*(0.784-0.5)=0.568 -
(4) Int=x,, /,=0.376+(0.568-0.376)*0.6=0.491; u,=0.529;
The interval [0.491, 0.529) is not confined to either the upper or lower half of the
unit interval, so output nothing. Now, Output=101, TAG= 0.5( 0.491<=0.5<=0.529)

So the binary code is .1; Final Qutput=1011 - 5-10
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Adaptive Arithmetic Coding

Example 5.5: (page 124, textbook) ¢ %%(f”) @
P(x,)=0.6,P(x,)=0.2,P(x;)=0.2 | F#k S, | ;g; ) X
C(x,)=0.6,C(x,) = 0.8, C(x;) =1.0 fp— comprsed
# Encode the sequence LEHk [ | pax

227> 2572 £ 37(5.)

i=0, mitial interval [/, ,u, ) =[0,1), encode the first input symbol x,

0 0.6 0.8 1
X X, X3 | 1, =0+0.6=0.6; u, =0+0.8=0.80
6/10 2/10 2/10 ik 2R B

i=1, the interval [/,u,,) =10.6,0.8), encode the second input symbol x,

0.6 0.709 0.764 0.8
‘.xl— x2 x3
6/11 3/11 2/11 b 230 b

l,,=0.6+0.2x0=0.6; u, =0.6+0.2x0.545(6/11) =0.709 5-11



n-order Markov-Arithmetic Coding

input sequence : ababcabbcbaccaaabc (prescanning)

S

EANTLR I it B I - S O VEE = BNk 9.0 1 IR 5
A R B T B3RS B B NRE SRR

zero-order Markov-Arithmetic Code

7/18 6/18 5/18 ik > FRL B
first-order Markov-Arithmetic Code

v

P@la) : - BF~ia? FT-F = ians (k7S F#*adl k7

]

= osom FAHadtIfis N Ram= #5200 'ﬂt“P(a|a)=2/7) :
Pbla): % - BF A~ haf T— FALbhf(SY FHall T

FAadt s b=t #ic iz 4= 0 F| P(bla)= 4/7)
P(cla): - BF~ iaf T - F 7~ 5ceF(P(cla)=1/7) °
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n-order Markov-Arithmetic Coding

first-order Markov-Arithmetic Code (three symbols in the alphabet)
KEah B EHBERF  KEDPPERHBFT REcHPEHRBRRT
P (aja) = 2/7, P (bla) = 4/7, P(alb) =2/6, P(bjb) =1/6,  P(a|c) =2/4, P(b|c) = 1/4,

P (cla)=1/7 P(c|b) = 3/6 P(clc) = 1/4
4 2/7 b 6/7 1 0 4 2/6b3/6 10 a 2/4 b 3/4 c 1
C C
------- s e B et [l
2/7 4/ 177 2/6 1/6 3/6 2/4 { 1/4 ‘ 1/4 1h 22000 B
() (b) (©)
B %]: | ababca B 5|: a|babca % %): ab|abca

Br RGP BESEERF R RGalENERR B R EbP B

0 26 306 1 0 2/21 27 26 221 10/63 4/21 2/7
a | b ¢ | a b el | _a | b ¢ |
2/6 1/6 3/6 2/7 4/7 1/7 2/6 1/6 3/6 b 2F0 B
(a) (b) (©
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n-order Markov-Adaptive-Arithmetic Coding

«E)@;H Jﬁﬁuf%b%ikﬁ%ﬁffﬁgnf%ﬁf»"mx e "/\-E}@;]v} /f{“’/ﬁnf%/z# S
M- BE o RUFIATEHRPIHRE - =

first-order Markov-Adaptive-Arithmetic Code
RGP ERBERF  REDDREHBEREF  REHPIEHBRR
P (ala) =2/7, P (bla) = 4/7, P(alb) = 2/6, P(blb) = 1/6,  P(ac) = 2/4, P(b|c) = 1/4,

P (cla)=1/7 P(c|b) = 3/6 P(c|c) = 1/4
0 2/7 67 1 ¢ 2/6  3/6 10 2/4 3/4 1
a b c a b c a b c
e Ll { et e
2/7 4/7 1/7 2/6 1/6 3/6 2/4 1/4 1/4 ik 230t )
(a) (b) (©)
B 7|: |cbabcb AEDORFEHBER{ TS
p L e v an P(alb) =2/7, P(b|b) =1/7,
R D OREE %R
0 2/6 3/6 1
\ a ‘ b c 0 2/7  3/7 1
a | b ¢
2/6 1/6 3/6 T
2/7 1/7 4/7

[1,,u,) =[3/6,1)
() (b) 5-14



n-order Markov-Adaptive-Arithmetic Coding

B 7|: c¢|babcb
B RALCcPRMEER

3/6 3/4 7/8 1
a b c
2/4 1/4 1/4
[1,,u,) =[3/4,7/8)
(c)

B 7|: cb|abcb
%D PEME%R

3/4 11/14 45/56 7/8
_a b c
2/7 1/7 4/7

[L,u,)=[3/4,11/14)

(e)

Bl c BB R E LATS

P(alc) = 2/5, P(b|c) = 2/5,
P(c|c) =1/5

0 2/5 4/5 1
e b ¢ |
2/5 2/5 1/5
(d)

KD NPESREER{ 375
P(alb) = 3/8, P(blb) = 1/8,

P(c|b) = 4/8
0 3/8 4/8 1
e b c
3/8 1/8 4/8
®
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Binary Adaptive Arithmetic Coding
ETE B ETPSRR R (TR 7§ 0215 B 5

A TR B0 s IR S o £ 2 L P0) o
W& HG=0 0 A7 he A R B TS (I

F
3%
I

0> U0y) =10, (=~ 3¢ 30
) B P N R A A S R B e P Uy B R R A A S A
?F i Ejl/’i ' o
=il o~ & Saff ehs 1B e~ B gL
temp = l(,-_l) + (u(,-_l) — l(,-_l))x P(0)
iBEAex==0

iy uiy) = Lizyy» temp);
&

I (% 7% x==1)
1y ui)) = [temp,u; ,));

#HFe ¢ { F7H e (update module) & * K| K| SmAE i B K L FTP(0) s

HFI D EAFHH=T

R~ - = e~ B 5L :fmas%;ér‘jfag {
- BTG OB BRLAIE AR S
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Performance Comparisons

BMP
BboklE 4] HUFF ARITH A_ARITH
1162446 1037830 1032837 959522
1104102 810979 805956 757335
1154966 914227 910040 748252
1001430 905381 902319 850099
636246 553344 551290 516611
519694 451969 449955 418991
TXT
RbskE 4] HUFF ARITH A_ARITH
34837 21980 21761 20921
9909 7841 7798 6944
51540 37266 37082 35914
215525 153307 152404 149761
87489 67343 67083 65224
309902 257843 256864 251812
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Performance Comparisons

C PROGRAM
RAsFhE ) HUFF ARITH A _ARITH
40195 27435 27238 26426
4644 3885 3865 2988
6712 5402 5361 4494
4230 3720 3700 2816
18978 13509 13406 12578
3219 3080 3067 2178
OBJ
RAsFh R <) HUFF ARITH A _ARITH
88308 55624 55270 51663
13343 5750 5438 4557
27944 6970 5108 4128
32726 10237 8861 7680
142620 117130 116753 110769
29205 18967 18756 17704
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